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Abstract

This paper is concernedwith the algebraic structure of groupoids and crossedmod-
ules of groupoids. We describe the group structure of the automorphism group of a nite
groupoid as a quotient of a semidirect product. We then show that the automorphism
group of a crossedmodule of groupoids C, in the casewhen the range groupoid is con-
nected, may be determined from that of the crossedmodule of groups G, formed by
restricting to a single object u. We pay particular attention to the conjugation automor-

phisms” cy.q of C. Finally, we enrumerate the homotopiesof a crossedmodule of groupoids
over a single object.
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1 Intro duction

While the theory of groupoids has beenextensiwely deweloped and found many applicationsin
algebraictoplogy, it appearsthat lessattention hasbeenpaid to the strictly algebraicstructure.
Our aim in this paper is to make someprogresstowards remedyingthis omission.

We rst descrite the group structure of the automorphism group of a nite groupoid C,
expressingAut( C) asa quotient of a semidirect product. Most of the detail is requiredin the
casewhen C is connected.We pay particular attention to conjugation automorphisms,and give
a non-standardde nition of normal subgroupoids.

Secondly we determine the automorphism group of a crossedmodule of groupoids in the
casewhen the range groupoid is connected. Speci cally, we determine the automorphismsof
C=( :GC! (), with C; connected,from those of the crossedmodule of groupsG, = (  :
B, ! C,) whereu is an object, B, = C,(u); C, = C(u), and , = |jg,-

Finally, we erumeratethe homotopiesof a crossedmodule of groupoids over a singleobject.

The authors are grateful for many pro table discussionswith R. Brown and T. Porter. The
rst author was supported by TUBIT AK BIDEB 2219for visits to Bangorin 2003and 2007.

2 Group oids

A groupoid is a small categoryin which every arrow is invertible. The books by Higgins [10]
and Brown [4] are good referencedor the standard properties of groupoids. In the notation
usedhere,a nite groupoid C= (Cy; Cp) consistsof the following:

a set Ob(C) = C, of objects;
a setArr(C) = C; of arrows,

source and target mapss;t : C; ! Cop, sothat we write (a:u! v) wheneer sa= u and
ta = v, and denoteby C(u; v) the hom-set of arrows with sourceu and target v;

an identity arrow 1, at ead object u, with s1, = t1, = u;

an assaiative partial composition: C; oC; ! Cy, with abde ned whenewer ta = sh
sudh that s(ab = sa and t(ab = th, sothat C(u) := C(u;u) is a group with idertity 1,,
called the object group at u;

for ead arrow (a: u! v) aninversearrow (a ! :v ! u) sud that aa ! = 1, and
14 —
a a=1,.

(In the GAP [8] implemertation [13] sourceand target are called tail and head.)

A morphism of groupoids, as for general categories,is called a functor. Thus a functor
0= (01;0) :C! Disapairofmaps(g;:Ci! Di; go:Co! Dy) sud that ;u1, = 1y, and
oi(ab = (g1a)(g.b) whenewer the composite arrow is de ned. It is often corveniert to omit the
subscripts0; 1 sinceit shouldbe clearfrom the cortext whether an object or an arrow is being
mapped. A morphism g is injective and/or surjective if both go; g; are.

The underlying digraph ( C) of C is obtained by forgetting the composition, so the objects
becomevertices, the arrows becomearcs, while the sourceand target maps have their usual
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digraph meaning. A groupoid is connected if its underlying digraph is connected,and then the
digraph is regular and complete.

Example 2.1 (a) The categoriesof groupsand groupoids, and their morphisms, are written
Gp, Gpd respectively. Thereis afunctor Gpd: Gp ! Gpd,C 7' C; c7! (c: ! ),
whereC is a groupoid with a single object

(b) For X aset,the trivial groupid O(X) = (O1;0Op) on X hasOy= X andO; = f1,jx 2 Xg.

(c) The unit groupid | has objects f 0; 1g and four arrows. The two non-idertity arrows are
( :0! 1)anditsinverse( :1! O0).

(d) The connectedtree groupoid I, hasn objectsf1;2;:::;ngandn? arrowsf (p;0) j 16 p;q6
ng wheres(p;q) = p, t(p;d) = g, (p;A)(;r) = (p;r), and (p;d) * = (g p). Note that I, = I.
We alsowrite I(X) for the tree groupoid on a set of objects X . The name "tree groupoid'
comesfrom the fact that a subsetof arrows which form a spanningtree in the underlying
digraph generatethe whole groupoid using composition and inversion. In particular, taking
the subsetX,, = f(1;p) j 26 p6 ng, we have (g;r) = (1;9) (1;r).

(e) The product C D of groupoids C; D hasobjectsCy; Dy, arronsC; D1, and composition
(as; b)(az; b,) = (a1ay; biby), sothat (a;b) *= (a ;b 1). In particular, C= C |, may be
thought of asthe groupoid with n objectsf1;2;:::;ng; n?jCj arrowsf (p;c;q) jc2 C;16
p;q 6 ng; sources(p;c;q) = p; target t(p;c;q) = g, composition (p;c;q)(q;c%r) = (p;cr);
and inverses(p;c;q) = (g;c %;p). We shall sometimesnd it corveniert to write c,q for
(p;c;q). A generatingset for C is given by f(1;c;1) j ¢ 2 Xcg[ X, where X¢ is any
generatingset for C. Every nite, connectedgroupoid is isomorphicto a direct product
of a group and a tree groupoid in this way, and we call suc a represemation a standad
connected groupoid.

A sulgroupid B = (B1;Bg) of C= (Cy; Cp) is a groupoid with B;, Cy, Bg  Cg, having
the samesource,target and composition. A subgroupid B is full if B(u;v) = C(u;v) for all
u;v 2 Bg and wide if Bo = Cy. The (connected) components of C are its maximal connected
subgroumids, with onecomponert G for eat of the k connectedcomponerts ; of ( C). We
write C= Cy [ [ C. A groupoid, all of whosecomponerts have a single object, is a union
of groups and is said to be totally disamnnected.

Given a wide subgroumid B C, there is an equivalencerelation g on Arr( C) de ned by
c rC, c= bdfor someb2 Arr(B). The equivalenceclassesBc for this relation are called
the right cosetsof B in C. Foru 2 Cy the star of uisthe setStar(u) = fa2 C;j sa= ug, the set
of all arrows with sourceu. Similarly the costar of u is the setCostar(u) = fa2 C,) j ta = ug,
the setof all arrows with target u. Note that ead right cosetof B in C is a subsetof a costar.
We may de ne a secondequivalencerelation | on Arr(C) by ¢ | ®) c¢ = cb for some
b 2 Arr(B). The equivalenceclassescB for this relation are the left cosetsof B in C, and
this time ead classis a subsetof somestar. A GAP implemertation of theseconstructionsis
provided in [13]. The notion of normal sulgroupid will be consideredin Subsection3.2.

We now consideractions of a groupoid C. We restrict to the casewhen C is connected
sincethere is a clear extensionto the generalcase. For C a groupoid, a C-set-system(or, by
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abuseof language,a C-set) is a functor from C to Set, mapping arrows to bijections. So, for
(@a:u! v)2 Arr(C), there gresets ou = Y,; ov =Y, anda bijection ia:Y,! Y,. We
alsocall anactionof Con 5, Yu- If (b1 V! w)isasecondarrowin Cand ow = Yy
then, since presenescomposition, we have

@) = (18 (@) = (1@ (1@ : Yo! Y

For y 2 Y, we denote, in the usual way, ( 1a)(y) by y?, and then the condition becomes
(y3)?" = y@°_ The following diagram illustrates the situation.

a a®
. l 1
Y, Yw

Yu v

w

<e

u

A similar notion appliesto setswith structure. For example,C-graphs are functors from C
to the groupoid of (combinatorial) graphsand their isomorphisms.

Example 2.2 Givena connectedgraph with automorphismgroup A = Aut , let bethe
graph consistingof n copiesof , which we may considerasa graph-systemwith n componerts.
The appropriate groupoid to consideris A = Gpd(A) I, which has an obvious action on
and is a better candidate for the automorphismgadgetAUT of than the wreath product
automorphismgroup S, 0A.

A C-group-system(or C-group) provides, for ead object u a group B, with idertity e, and,
foread (a:u! v), anisomorphismof groups ;a:B,! B,. Wewrite b* for ( 1a)(b) when
b2 B,. Sincethe group structure hasto be presened, aswell as (F/)® = 2@, we require
e.® = g and (hh)? = (*)(*). A C-module is a C-group in which the B, are all abelian.

A C-grouppid-systemis a functor from C to Gp d, wherenow there are groupoids ou =
Bu; ov = B, and an invertible functor ;a:B,! B,. As asimplecase,note that a C-group
determinesa C-groupoid on replacingead B, by B, = Gpd(B,), taking u asthe single object.
Thus a C-module may be considedas an abelian C-groupoid. Hereis a picture shaving part of
the structure in sud a case.

1 0

b? b b?
g, Qo eqor el ¥
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A particular example,whenC = C I, and N C, is given by taking B, = N for all
u 2 Ob(C) and the action to be conjugation:

;P)(P;N; pP)(P;c;a) = (o no): 1)

This will provide our rst exampleof a crossedmodule of groupoidsin Example 5.1.

1

(p’ n; p)(p:C:OD = (q’ C

3 Automorphisms of Group oids

An automorphism of a categoryC is a functor a: C! C which is an isomorphism. Let C be
the connectedgroupoid with object setU = fuy;:::;up,gandlet f(a, :us! up) j26 p6 ng
be a generatingset for a spanningtree in C. If C is the object group at u;, an automorphism
of C is obtained on choosing

2 Aut C,
f(h:u! up)j26 p6 ng, replacingthe a, in the tree,
2 Symm(U), permuting the objectsin U.

Thusthere arein total n!  jAut Cj jCj" ! automorphismsof C.

3.1 Automorphisms of standard connected group oids

We now analysethe standard casewhereC= C |, is the groupoid constructedin Example

set
Xp = f(pic;p)j & 2 Xcg[ f(p;e;q) j 6 pg;

where the right-hand set forms a spanningtree T, in the underlying digraph. The remaining
arrows are given asthe composites:

(P; Gk, s P)(P; Ckzs P) -2 (P3G s P)  Whenc= GG, ::Cq 2 C; & 2 Xc;
(p;e;a) *(pic;p)(p;e;r):

(p;c;p)
(g;cir)

An automorphism of C will be speci ed by giving the imagesof the arrows in one of the X,.

There are three setsof automorphismswhich generatethe group A = Aut(C).

(1) We may apply an automorphism of C to the loopsat object p, giving an automorphism
a of C xing ead object, and de ned on generatorsby

a(picp) = (pcp;  a(ed = (p;e;o):
It followsthat a (g;c;r) = (qg; c; r), soa applies to all the hom-setssimultaneously

(2) The hom-setC(q; r) providesa regularrepresemation of C with action (q; c;r)® = (q; ¢ r).
Foreathh 16 p 6 n choosec, 2 C. The n-tuple ¢ = (¢;;:::;¢C,) determinesan automor-
phism a; of C, xing the objects and mapping (q; c;r) to (q; c, leg;r).
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(3) For apermutation in the symmetric group S, we de ne an automorphisma by

a(gcer) = ( ggc; r):

There are actions of both S, and Aut C on C", where
C = €= (c 1;:15€C 1n); C = ¢Cc= (Cqy:it;Cn); (2)

and theseactionscommute, giving an action of S, Aut C on C". We denoteby C; the subset
fc2 C"j g = eg, and note that CJ is closedunder multiplication in C", and that

8 = @ &1  Where c,'c = (g loyiiingten) 2 Cp (3)
and " c denotesconjugation of C by c.
We now investigate compositesof the set
Xa = faj 2S,g[faj 2AutCg[ fa.jc2 C"g:

In keepingwith the useof right actions, we write a b for the composite mappingb a. It is
straightforward to verify the following idertities.

Prop osition 3.1 Pairs of automorphismsin X , composeasfollows,whee ; 2 Aut C; c;b2
Ch,and ; 2S,.
(@ a)gcr) = a (ger) = (g )gr);
(& a)(gcr) = an(ger) = (0 (chy) *cah)ir);
(@ a)gcer) = a (ger)y = (0 agc( ),
(a a)agcr) = (a ad(ger) = (o (cg'ce);r);
(@ a)gcr) = (@ a)ger) = (gc r)
(@ a)(gcr) = (a i a)ger) = ( gcgccy; r):
Prop osition 3.2 The automorphismgroupof C= C |, is givenby

AutC = ((S, AutC)nC"= C

Pro of: We de ne a map
(S, AutC)n C"! AutC;, ((; );c)7Ma a a:

The formulae in Proposition 3.1 showv that ewery elemen of Aut C can be written as one of
theseimages,and that

(a a a) (a a &) =a a & ¢b- 4)

The semidirect product rule gives(( ; );c)(( ; );b) = (( ; );ct:)b), which shows that
is a homomorphism. Since

(L;c1) 70 ( Lcq Mg)eq 1)
(L;ej) 70 ( Lcqtcy; j)

it followsthat (( ; );c) is the identity automorphism provided

a a a
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is the idertity permutation,

c =ccglforallc2 C,so ="(ch).

Henceker isthe group C. 2

It is clear that the group A; generatedby the a is isomorphicto Aut C; that the group
A, generatedby the a. is isomorphicto C"; and that the group Az generatedby the a is
isomorphicto S,. Furthermore, the join A;.3 of A; and A in the automorphismgroup Aut C of
Cisisomorphicto A; Asz. Wedenoteby A;.p; As3 the joins of Ag; A, and Ay; A respectively.
The proof of Proposition 3.2 may be adjustedto shav that

Sincethe elemetts (( ; );(e;c;:::;¢c)) form atransversalfor the cosetsof C, we obsene
that an automorphismf = (f1;fy) : C! Cis specied by giving

the permutation f of the objects;

an automorphism ¢ of the object group C, sothat f;(1;c;1) = (fol;, fC;fol);

A corveniert standad form for f is thereforef = a, a, &,, where
fa(geir) = (fol Gq( 1Q)Crs; for):

It is clear how to replaceobject 1 by an arbitrary object p to obtain an alternative standard
form. The formulaein Proposition 3.1 and equation (3) enableusto write down the composite
of two standard forms in standard form as:

(@, a; &) A, 8y 8y T Q¢ g (“cgry) acg;flol( gCr)(fo teg) & go- (5)

The next type of groupoid to consideris the disjoint union D of m copiesof a connected
groupoid C. An automorphismof D which doesnot interchangethe componerts is obtained by
choosingan automorphismfor eacy componert, and theseform a groupisomorphicto (Aut C)™.
The automorphism group of D is the wreath product S, oAut C with action

In particular, groupoids of the form B= B Oy, a disjoint union of isomorphic groups, will
be usedin Section5. Clearly Aut B = S, 0Aut B.

The nal caseto consideris that of an arbitrary groupoid G, whoseconnectedcomponerts
form isomorphismclasseq4G] with m; componerts in [G]. The automorphismgroup A; of [G]
IS Sy, 0Aut G, and the automorphismgroup Aut G is the direct product of theseA,.
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3.2 Conjugation in group oids

Ead elemen c of a group C determinesthe inner automorphism~c: C ! C; c®7! ¢ c%,
wherethe orbits are the conjugacyclassesand ~c= ~c® whenewer c°= zc for somez 2 Z(C).
A similar notion holds for a connectedgroupoid but, when there is more than one object, the
automorphisms” ¢, with p;q xed areall distinct. (Note that ” cis not the conjugacyfunction
of [4, x6.3].)

De nition 3.3 For ¢, = (p;c;q) an arrow in a connected groupoid C= C |, conjugation
of C by c,,q, written \*c,,4", is the automorphismof C descriled below.

(@) Whenpé q,

p;q are interchangel, and the remaining objects are xed;
the loopsat p are interchangel with thoseat q,

(p;b;p) 7! (gc *beig); (g big) 7! (p;cbe b p);
the hom-setC(p;q) is interchange with C(q; p),
(p;b;Q) 7! (g be h;p); (g bip) 7! (p;cbeg);
the rest of the costar at p is interchange with that at g,
(r;b;p) 7! (r;bc;g);  (r;b;q) 7! (r;bc ;p); forr 2fp;qg;
the rest of the star at p is interchange with that at g,
(p;b;r) 7! (g, ¢ *bir); (g bsr) 7! (p;chir); for r 2fp;qg;
the remaining arrows are unchange.

(b) In the casep = g, conjugation by ¢, is the automorphismof C whete:

all the objects are xed;
the loopsat p are conjugated by c, (p;b;p) 7! (p;c bc;p);
the rest of the star and the costar at p are permuted,

(p;bir) 70 (pic *bir);  (r;bip) 7! (r;beip);  for r 6 p;
the remaining arrows are unchange.

These constructions may be remenbered as: \for p;q as source,multiply b on the left by
¢ 1 crespectively; and for p;q astarget, multiply b on the right by c;c 1". To shav that ~c
is an automorphism, we expressit asa composite of known automorphisms.

Prop osition 3.4 Conjugation by c,.q (p 6 g) may be expresse in standad form, basel at p,
as"Cyq = & &pg, Whee c hascompnentsc, = ¢, ¢; = ¢ !, ¢ = e otherwise. Conjugation
by the loop ¢, is " ¢y = &, Where ¢ has componentsc, = ¢, ¢ = e otherwise.
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Proof: For~cyq it issucient to chek the imageof the composite on the generatorsin X,.

(Picap) 7' (pic toacip) 7! (gic tocia);
(pe;g 7' (pic %9 7 (gc %p);
(p;esr) 70 (pie hr) 70 (gie hr):

The proof for * ¢, is similar. 2

It is not the casethat the map” : C! AUT Cis a groupoid morphism. This is clearjust by
consideringthe imagesof the objects, wherethe symmetricgroupis acting. It is straightforward
to verify that, whenabis de ned,

Mag = (*a) ("b * ("a) = (*b ("a) * ("b: (6)

Prop osition 3.5 WhenC= C |, andjCj = k, the numker of distinct conjugation automor-
phismsis ! ¢ = 1+ n(k 1)+ zn(n 1)k.

Pro of: First note that e, is the idertity automorphismfor every object p. Since” ¢y, with
c6 e actswith cor ¢ * onthe star and costarat p, it is only the casethat ” ¢,, = ¢} ,c when
p= p’and c= c® This givesthe term n(k 1). Thirdly, considering” c,q = Acgo;qo, we see
that fp;qg = fp°dY. It is easyto ched that ~c,q = "y, but that this is the only possible
equality. 2

In Subsection4.2 we shall investigate the full subgroupid of the automorphism groupoid
of C whoseobjects are the conjugation automorphismsof C.

When C is a connectedcomponert of a groupoid B, andc2 C;, wedene ~"c:B! B to
be the automorphism of B which actsas” c on C and xes all the other componerts.

We are now in a position to give a non-standardde nition of normality for groupoids.

De nition 3.6 A sulgroupid N = (N1;Ng) of Cis normalin C, written N C, if n©2 N; for
alln2 Ny, c2 Cy.

Prop osition 3.7 The normal sulgroumidsof C= C |, are C itself, and the totally discon-
nected sulgrouppidsN O, for all N C.

Pro of: If No cortains the object p then, for ead object g, conjugation by (p;e;q) mapsp to
g, SON must be a wide subgroupoid of C. If N is totally disconnectedand if the componert at
p hasvertex group N, then conjugation by (p;e;q) shows that the vertex group at g is alsoN,
sothat N= N  O,, and conjugation by (p;c;p) shavsthat N C.

If (g;n;r) 2 N; with g 6 r then, for all c 2 C, conjugation by (p;c;q) maps (qg;n;r) to
(p;cn;r), soN = C and henceN = C. 2

Example 3.8 The normal subgroumidsof C[ D whereC=C I|,andD=D |I,, areas
follows:

C[ D itself;
C[ (M O)foreah M D;
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(N O, Dforea N C;
M On)[ (N O,)foread N C; M D.

It is clear how to generalisethis exampleto a groupoid with more than two componerts.

Note that the usual de nition of normality ([4, x11.3]) requiresthat N is wide in C, and
that ¢ *N(u)c= N(v) forall (c:u! v)2 C. This de nition allowsC  lyyg[ C  lfwg tO
benormalin C  I,.y.wg, Which is not the casewith our de nition.

4  Automorphisms and Sections of Group oids

4.1 Natural Transformations

Functors are related by natural transformations If h;k : C! D are functors, then a natural
transformation :h! kisdeterminedby afunction o:Ob(C)! Arr(D), sud that for every
arrow (a:u! v) 2 Cthe following diagram commutes.

hoU 04u/k0U
hla 2 kla (7)
hoV */.kov

Commutativit y of the diagram enablesusto de ne afunction ;:Arr(C)! Arr(D), where ;a
is this diagonalarrow and 1, = ou for ead object u.

Natural transformations composein the obvious way. If j is a third functor from C to D,
andif :k! jisasecondnatural transformation, then we obtain the diagram:

hou °®  Jkou “  Jjou
hia 2 kia > i
hov ~ IkoV ——jov
The composite natural transformation > h! jisdened by:
( Jou = (ou)( ou);
( )id = (1@ ov) = (ou)(ki)( ov) = (ou)( 18):

Restricting to groupoids, sothat arrows are invertible, we have v = (hia) ( ou)(k.a), so
is de ned if we are given, for ead componert of C, the imageof oneobject. Furthermore, the
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transformation hasinverse !:k! hwhere( You= (ou) *and( ia= (ka)( ov) =
(ou) *(ha),

( Hou=( ou) !?

Kou hou
0 ‘]JJ 0
JJJ 3
J 1
kia \I]\]\]\]‘)]il]a hia
JJ
J
JJ%
koV /hoV

( Hov=( ov) !

so is a natural equivalene. In this way we obtain the groupoid HOM(C; D) with functors
as objects and natural transformations as arrows. The identity equivalence ,, at h is given by
hoU = 1hus hi18 = hia It is this construction which makes Gp d cartesian closed(see,for
example,[12 x3.1]).

4.2 Automorphism group oid of a group oid

When C = D and h; k are isomorphisms,we obtain our rst example of a homotopy with
:C 1! D beingconsideredas a groupoid (h; k)-homotopy (see[4, x6.5]) with

(u;0) = hou;  (u;1)=kou;  (&0)= hia; (a;1) = kia:
The signi cant featureof isthat it lifts from onelevel to the next, asin the following diagram:

hi; ka1

Ci IC,
0

S| |t S| |t

Co IC,
ho; ko

We thus obtain the automorphismgroupmid AUT C of C whoseobjects are the automorphisms
of C and whosearrows are the natural equivalencesbetweentheseautomorphisms.

Given :h! kandathird isomorphismj, we may dene a(j h;j k)-homotopy by
ou = ofjou); 12 = 1(j1a) = (ou)(kij1a) = (Mjia)( ov): (8)

Using this construction we may obtain all the (h; k)-homotopiesfrom the (k * h;i)-homotopies,
wherei is the identit y functor on C.

Prop osition 4.1 The combinatorial structures of the automorphismgroupidsof C= C |,
andB=B O, aregivenin the following table.

C=C Iy B=B O,
numker of objects (automorphisms)| n! jAut Cj jCj" 1 n! jAut Bj"
numker of arrows (natural equivalen@s) | (n!)? jAut Cj jCj>" * | n! jAut Bj" jBj"
vertexgroups| Z(C)= C=lnnC (zB)"
numker of connected components jOut Cj n! jOut Bj"
numker of objects in each component | n! jinnCj jCj" * jinnBj"




February 25, 2008 12

The objects in the component of AUT C containing the identity automorphismare geneated by
the conjugations” cyq (16 p;q6 n; c2 C).

Pro of: We have already determinedthe number of automorphismsin thesetwo cases.

When specifying a natural equivalence in AUT C, rst chooseh 2 Aut Cand set = hy.
Thenchoose 2 S,andc,2 C; 16 p6 n. This xes owith op= ( p;c; p)and 1(p;c;q) =
( p;hi(p;c;g):cy; 9. Thesechoicesdetermine : h! Kk whereky = and ky(p;c;q) =
cpl:hl(p;c;q):cq. By Proposition 3.2 the number of choicesis n! jAut Cj jCj" *:n!jCj" and, for
eat automorphismh, the number of equivalenceswith sourceh is n! jCj".

We now seekthe sizeof the vertex group at the identit y automorphismi. If issud aloop
and o1 = (1;z;1), then with a= (1;c;1) in (7) wegetzc= czforallc2 C,soz 2 Z(C).
Takinga= (1;e;g9) we nd that oq= (q;z;q), so is completelydeterminedby z. Hencethe
number of objects in the componert cortaining i is (n! jCj")5Zj = n!jInnCj jCj" L.

The automorphism group acts on the objects of the automorphism groupoid by right mul-
tiplication, permuting the componerts, sothe componerts are isomorphicand their number is
the obvious quotiernt jOut Cj.

We now considerthe automorphismsof B. SinceB is totally disconnectedthere can only
be an equivalencefrom ( ;( 1;:::; n) to (;( q5:::; ) if = . Takinga= (p;b;p) in (7),
we nd that b= ( pb) °P for eat object p, where opis any loopat p. The choicesfor ; ,
and op determinea total of n! jAut Bj" jBj" equivalences.So, for eat automorphismh, the
number of equivalenceswith sourceh is jBj".

To determine the loops at ( ;( 1;:::; n)), We take a = (p;b;p) in (7) and nd that

b= 12,2 Z = Z(B). Sincethere is no interaction between op and g, there are jZj"
choices,and commutativit y of the certer ensuresthat the vertex groupsare isomorphicto Z".
So the number of objects in the componert cortaining i is jBj"5Zj" = jInnBj". Again, the
componerts of AUT B are all isomorphic, and there are (n! jAut Bj")5InnBj" = n! jOut Bj"
of them.

Finally, we show that conjugationsgenerateall the objects in the identity componert. The

from Proposition 3.4that a. = (" (c1)1.1) (™ (¢ )nn)- Thusthe conjugationsgeneratethe
group ((Sn InnC) n C")= C, which hasthe required order, and the outer automorphismsof
C form a transversalfor the cosets{ the connectedcomponerts of AUT C. 2

Example 4.2 When C = C is a group C consideredas a one-olject groupoid, the auto-
morphism groupoid hasjAut Cj objects; jAut Cj:jCj natural equivalencesjOut Cj componerts;
jInn Cj objects in eatch componert; and degreejZ (C)j.

Example 4.3 If we de ne the conjugation groupid CONJC of C= C I, to be the full
subgroupid of the idertity componert of AUT C whoseobjects are the conjugation automor-
phismsthen, by Proposition 3.5, CONJC hasthe form Z |, ., whereZ = Z(C). To shaw that
the vertex group is Z = Z(C) we obtain formulae for the natural equivalences :i! "cyq.
Considering, in turn, asa in equation (7), the arrows (p;b;p); (q; b;q); (p; b;q); (r; b;p), where
r2fp;qg; b2 C, we nd that thereisa for ead z2 Z(C) where

1

oP=(p;zc;q);  og= (g zc *;p); of = (r;z;r):



February 25, 2008 13

For :”cyq! ithe correspnding formulae are
oP=(GC 'z;p);  0a= (picz0);  of = (1;Z;7):
Similarly, there is an equivalence :i! "¢y, with op = (p;zc;p); of = (r;z;r), and a

Neop ! TWith op= (p;c 'z;p); of = (r;2;r).

4.3 Admissible and coadmissible sections

For hg; ko a pair of permutations of the objects of a groupoid C, an (hg; kg)-section Sy : Co ! Cy
is a map which composeswith the sourceand target mapsto give hy and k, respectively:

h0=SQS; kOZSOt:

Note that if : h! Kk is a natural equivalencebetween automorphismsof C, then g is an
(ho; ko)-section. An (hg; ko)-section is also called an admissiblehg-section and a coadmissible
ko-section.

The groupoid of sections S= SECT(C) of C hasthe automorphismsof C asobjects and the
(ho; ko)-sectionsas elemetts of the hom-setS(hg; ko). Composition in Sis de ned by

(So:ho! ko) (To:ko! jo) : u7! ((Sou:hgu! kou)(Tou:kou! jou) : hg! jo):

It is not this -composition, but a ?-product on costarsor stars, which is of more useto us.
Note that, on xing apermutation ko 2 Symm(C,), thereis a multiplication ? on Symm(Cy)
given in terms of the standard composition by

ho?% = ho ko' oo 9)

(comparethis with (6)), sud that ko is the ?-idertity and hy has ?-inversehg := ko hyt k.
The setM (C) of coadmissibleko-sectionsof C hasa product, alsowritten ?, sud that the
composite ko-sectionHgy ? Gg is de ned at u by

(Ho?Go)u = (Goky "hou)(Hou) : (ho?go)u! kou ; (10)

wherehy := Hyo s and gy := Gy s. It is straightforward to verify that this product is
asseiative,

(Ho ? Go ? FQ)U = (Foko 1gok0 1h0U)(G0kO 1h0U)(H0U) . (ho ? o ?fo)u ! koU .

Hereis a sketch illustrating the situation.

Foko 1gok0 1hou Gok hou

Ig0k, thou

foko lgoko 1h0U

’M\MNM
'hou M hou
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The identity coadmissible(kg; ko)-sectionin Mklo(C) is 1o wherelou = 1, for all u2 Cy. The
?-inverseof Hy is the coadmissiblesectionH, where

Hou = (Hohg*kou) *; so Hokythou= (Hou) * and Hy s=ky hy' ko= ho

Note that the map from (Mklo(C);?) to (Symm(Cy); ), mapping Ho to Hy s, is a group
homomorphism.

In Subsection5.3 we shall considerthe group M (C) = Mi}J(C) of coadmissibleiy-sections,
known simply as coadmissiblesections, where i is the identity permutation on Co. The ?
product (9) on Symm(Cy) is then the usual composition of permutations, and the product (10)
for sectionssimpli es to

(Ho?Go)u := ((Gohou)(Hou) : (ho go)u! u):

There is a similar product on the set of admissiblehy-sections,and the admissibleiy-sections
are the admissiblesections of C, but we shall not usetheseconstructionsin this paper.

4.4 Group oid Actions

For groupsthe inner homomorphismG ! Aut G; g 7! ~g expresseghe conjugation action
of G on itself. Converting to single-olject groupoids, the homomorphismbecomesa functor
G ! (Aut G) , but thereis no functor G ! AUT G sinceg is an arrow while g is now an
object.

An action of a groupoid C on a groupoid B is usually de ned in the casewhereB is a
union of groups having the sameobjects as C, and for eat object u the group C(u) acts
on the group B(u). Theseactions are required to be compatible, so there is essetially one
action per componert. Thus,when(c:u! v) 2 Cand(b:u! u) 2 B(u), we have
(b:u! uew Vv .= (F:v! v)2 B(v). A particular caseof this situation is when B
is a normal, discrete subgrouppid of C and the action is conjugation, b = ¢ bc It appears
from this description that ¢ doesnot act by permuting the arrows of B, but by providing an
isomorphismfrom B(u) to B(v). Howewer, if we mimic the rules for ”c,q in De nition 3.3,
anddene (b:v! wv)Eu Y = (F*:ul u) 2 B(u), the action by c also provides an
isomorphismfrom B(v) to B(u). The hom-setsB(u;Vv) and B(v; u) are empty, sothe arrows of
B are permuted.

We would expect an alternative de nition of an action, asa functor from Cto a construction
involving AUT B, which doesnot require B to betotally disconnectedand which does provide a
permutation of the arrows. One way round theseproblemsis to corvert AUT C to a 2-groupoid
| a special type of 2-category(see,for example, Kamps and Porter [11]), but this is beyond
the scope of this paper.

5 Crossed modules of group oids

5.1 Basic de nitions

We rst recall the standard constructionsfor groups{ see,for example,[2, 5] and [6, chapters
2,3]. A crossel madule of groups X = (@: B! C) comprisesa group homomorphism@and
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an action of C on B sudh that @F) = ¢ bcand (D@ = b Bbforall c2 C; b;i’2 B. An
endomorphism of X is a pair of homomorphisms = ( ,:B! B; ;:C! C) sud that
2 @: @ 1 and Q(U:) = ( zb) 1€,

Following our usual procedure,when is an automorphismwe may de ne a ?-product on

AUT X by ? = 1 having idertity . A -derivation of X isamap :C! B sud
that (cd = (c) *(c9. Suh a determinesa second,sourceendomorphism where
X VX5 ab=(20(@);  ic=( 10(@c); (11)

and is called an ( ; )-derivation (see,for example, [5]). The principal -derivations are

the maps ,: C! B for eahh b2 B where ¢ = (b?!) :°b sothat ,@ = [ ,a;b] and
@u,c=[ 1C;@]. This pisan( p; )-derivation where ,a= ( ,a)®and p,ic= ( 10@. The
-derivations form a monoid Der (X) with Whitehead product ? given by

(?) = (o(c) ,'@): (12)

Then, if isa( ; )-derivation, ? isan( ? ; )-derivation. The derivation is invertible
with respectto ? preciselywhen is anautomorphismof X, and the invertible derivations form
the Whitehead group W (X) of the monoid. Note that W (X) = W(X) := Wj4(X). Many of
theseconstructionsare implemerted in our GAP padkage(1, 3]. From now on we shall consider
only invertible endomorphismsand derivations.

If is another automorphism of X, there is an isomorphism . : Der (X) ! Der (X)
given by:
()= c= ,'ic and 2y= c= ,!ic (13)
A useful, special caseof this result is when = | the idertity automorphismon X.
If isathird automorphismof X, we may de ne a( )-derivation by c= ic. The

sourceautomorphismfor is where

b = (( 20 @ = (2200 1@ = (2:200@ 20 = 2 2b: (14)

This result, togetherwith a similar calculationfor ;c, shovsthat isa( ; )-derivation.
Hence,asfor homotopies(see(8)), the ( ; )-derivations may be obtainedfromthe ( ' ;)-
derivations.

We now recall the correspnding constructions for groupoids (see, for example, [7]. Let
C, = (Cy; Cy) be a connectedgroupoid and C, = (C,; Cp) a union of isomorphic groups with
the sameobject set, and let C,; C; act upon themsehesby conjugation (as in Subsection4.4):
b= b b, &= c legc
de ned whenby; b areloopsin C, at the sameobject and whensc= sc; = tc; in C;.

A pre-crossel madule of groupids C= ( : C, ! C;) consistsof a morphism of groupoids
= ( ;id), the boundary of C, pictured as:

C,—IC,
st s|t or, more simply, c,—Ic, —ffco ;
Co——ICo

id
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together with an action of C; on C, sudh that is a C;-morphism. So , s=s; , t=1tand,
forall b2 C, andc?2 Cq,

X1: »(F) = ¢ Y( 2oc when sb=th= sc
The pre-crossednodule Cis a crosse&l module of groupoids if it alsosatis es
X2: by 2® = b® forall b;;b2 Cy(u); u2 Co.

Note that, when both axioms are satis ed, the restriction ( , : G(u) ! C;(u)) is a crossed
module of groupsfor all u 2 Cy. The crossedmodule of groupoids correspndingto X = (@:
B! C)isX =(@:B ! C)where@( ;b; )= (;@; )and(;b; ) ®)=(;1; ).

A morphism of pre-crossél modulesf : C! D, whereD = ( : D, ! D), is a triple
f = (fy;fq;f0), wheref, = (f5;fg) : C; ! Dy andf, = (fy;fp) : C. ! D; are morphisms of
groupoids satisfying

fo = fa; fo(f) = (f20)"5 (15)
making the following diagram comnute:
C2 /C]_ tsﬁCO
fo f1 fo
D2 —/Dl EDO

t

When C, D are crossedmodules, f is a morphism of crossedmodules.
The direct product C D is ( :C, D,! C; Dy, with (a;b)©d = (a% ).

Example 5.1 GivenN C,letC;=C |Il,andletC =N O, bethe totally disconnected
subgroumid consistingof n copiesof N . Then C; actson C, by conjugation, giving the normal
sulgroupoid crossel module C= ( : G, ! C;) where is the inclusion functor. When C is the
trivial groupweobtain I, := (,:0,! In).

5.2 Automorphisms of a crossed module of group oids

The expectation hereis that whenX = (@ : B ! C) is a crossedmodule of groups and
C=( :B O,! C 1I,)=X 1, isthe correspnding crossedmodule of groupoids with
n objects, then it should be possibleto determine the automorphismsof C from those of X .
We have seenearlier that the automorphismgroupof B O, is S, n (Aut B)", and that of
C 1l,is((Shn AutC)n C")= C.

There are three typesof automorphism, f ;f ;f;, of C, correspnding to the three types of
automorphisma ; a ; a. of a connectedgroupoid, as discussedn Section3.1.

(1) For 2S,wedenea® 2 Aut(B  O,) by (p;b;p) 7! ( p;b; p). Thenf = (&;a; )is
an automorphismof C.

(2) For = ( 2 1) 2 AutX wedene a, 2 Aut(B  Op) by (p;b;p) 7! (p; 2b;p). Then
f =(@,;a,;()2AuC
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(3) For c=(c;::556) 2 C",wedene & 2 Aut(B  Oy) by (p;b;p) 7! (p;B*;p). Then
= (@ a()) 2 Aut C

Prop osition 5.2 Composition rules for theseautomorphismsof C are as follows,

fof=f,,,. fo fp = fop, f f=f,
fo f=f f, fof=f f, f fo=f 1 f.

Pro of: Replacinga ;a.;a by aoz; a2; & in the formulae of Proposition 3.1 gives composition
idertities for theseautomorphismsof B O,, with one exception. Since

& &, (pibip) = (05 2AB7)ip) = (pi( 2D) **ip) = &, & (pibip);

the fourth identity isal a°, = &, &
Combining the |dent|t|es for the as W|th those for the a°s givesthe required idertities for
the f's. For example,in the exceptional,fourth case(omitting the ()'s),

fo f (@Qa) @;a,) = (@ &;a a,)

(3.02 aolc;al alc) = (aoz;al) (aolc;alc) = f flc: 2

For ead ¢ 2 C there is an automorphism”c= (*c;”c) of X where™c( ;b; )= ( ;I )
and ~c( ;¢ ) = ( ;c c%; ). The automorphismal. of B O,, de ned in case(2) above,
maps (p; b;p) to (p;F; p). We may ched that fa. := (2. an¢; () is an automorphismof C as
follows,

(PP = ((E)5P) = (B(E)° P = (PP = (@(p:bip) PP

Since fa. is the identity automorphism only when ¢ acts trivially on both b and c® the set
fc 2 C | fa, = igis a subgroup Triv C of Z(C). It is easyto chedk that the conjugate
automorphism (f~¢) is equalto fr( ,¢, soTriv C is normal in Aut C.

The following result generaliseProposition 3.2.
Prop osition 5.3 The automorphismgroupofC=( : (B  O,)! (C 1,)) is givenby
AutC = ((S, AutX)nCh= C;

whee  C=f((();("c"0):(c e ) jec2Cg=C.

Proof: Let g = (0y;0:;,00) be an automorphism of C. Since g, is the permutation of the
objects achieved by g, the automorphismg® = g fgo1 xes the objects. If, for eatr q 6 1,
d? maps (1;e;0) to (1;¢q;0), and if ¢ = (e;cp;:i:;¢y), then g°= ¢° f. ! xes all the tree
generators(1;e;q). It follows that g?°= ; 2 Aut C, and g¥q; b;q) = (g, —4b;q) wherethe —,
are automorphismsof B. Applying the secondaxiom in (15), we obtain:

(G ob;0) = ga;biq) = (g3f1;b; 1)) = (1;71b;1)E*9 = (g ~1b;q);

sothe —qareall equal. Thusg®>= ,2 AutB and = ( 2 1) 2 AutX . Henceg=f f. fg,
which we take asthe standard form for g.
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As in the proof of Proposition 3.2, there is an action of (S, Aut X ) on C", where
C = € = (C 11;::5;C 1p); C = 1€ = ( 1C5iit; 1Gn): (16)
We de ne a map
(S, AutX)nC"! AutC ((; o7t f o fe
It is then straightforward to shaw that (comparethis with equation (4))
fF f f) (f f f,) =f fo o1 fCon
sothat is a group homomorphism. Since

(L;c;1) 70 ( Lc{( 109cq; 1)
(Lie;d) 70 ( Licicg o)

(fF f )2 @ (b 70 (g0 q);

it followsthat (( ; );c) is the identity automorphism provided

(F f fo)

Is the idertity permutation,

1c=ceg tforallc2 C,s0( 15()) = a1,

b= forall b2 B, so( ,()) = &

()"

Henceker isthe group C. 2

5.3 Homotopies between morphisms

This Subsectionreviews(with di erent notation) parts of Section2 of Brown and Lcen([7].

‘GF =1 ED
> o, —>L I
2 1 0
P P
i i
ha sy }}} ha Sa }}} ho
k2 }}}} ke }}}} ko
3 y
D, —/D;——+—D
@A” _ 7 BC

Denition 54 Leth)k:C=( :C! C)! D= ( :D,! D;) be morphismsof crossel
maodules. A crossedmodule (h; k)-homotopy S: h' ks a pair of functions (Sp; S;) suchthat
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(@) Sp:Co! Djis an (hg;ko)-section, soS; s= hg; Sp t= Ko;

(b) S; : Cy ! D5 is an (h; k)-derivation, by which we mean that the following conditions are
satised: S; t=k; t Si(cd = (S:0%(S,D;

(c) forall (c:u! v)2Cyand(b:v! v)2 C, theloops ,S;c and S; ,b measure the
divergene from commutativity of the following squaes (in the second squae dashel lines
denotearrowsin D;), genealising (11),

hic / hab /
hoU ! hoV hoV 2 hoV
Sou Sov Sov SoVv
E— | R
koU kic koV koV kob koV

(i) 2S¢ = (ki©) *(Sou) *(hiC)(Sov); (i) Si2b = (kb *(hab)>V: (17)

From now on we considerthe casewhen C= D and h; k are automorphisms. In the special
casethat k = i we call S a free homotopy and S; a free derivation. In another special case,
when Sgu = 1, for all u 2 Cy we call S a homotopyover the identity and S; a derivation over
the identity. A free derivation over the identity is simply called a derivation.

Prop osition 5.5 If S = (S;;S) is an (h; k)-homotopyand j is an automorphismof C, then
(genealising (8)) a(j h;j k)-homotopyR is de ned by

Rou = So(jou); Ric = Si(j10):
Pro of: Using equations(8), (14) and (17) we ched that:

Ri(cd = Si((119(1) = (819" (S1j1) = (RiQ)¥ W*(Ry0);
2RiC 2S1j1C = (K1j10) *(Sojou) *(haj10)(So] _OV) = (kyj1¢) *(Rou) *(h1j10)(Rov);
Ri2b = Sij1 b= Sy gjob = (Kojob) *(hj20)Y = ((j Kb *((j h)07v:

It follows that the (h; k)-homotopiesmay be obtained from the (k * h;i)-homotopies. 2

Following Subsection4.3, we call an (h; k)-homotopy both an admissibleh-homotopy and
a coadmissiblek-homotopy On xing an automorphismk of C, there is a multiplication ? on
Aut C givenin terms of the standard composition by

h?g = h k! g (18)

(comparethis with (9)), sud that k is the ?-idertity and h has ?-inverseh:= k h ! k. The
set M2(C) of coadmissiblek-homotopiesof C has a ?-product where the composite (h ? g; k)-
homotopy H ? G is de ned by:

(H 2G)ou = (Goky thou)(Hou); (H ?2G)1¢c = (H10)(Gik, thyc)Hov: (19)
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This product is assaiative, and the (h?g?f; k)-homotopy H ? G ?F is given by:
(H?G?F)ou = (Foko 'Goky "hou)(Goky "hou)(Hou);
(H?2G?F)ic = (H10)(Giky *hiQ)™(Faky 'grk, Thyc) 7
The arrows in these composite formulae are shavn in Figure 3, which extendsthe sketch in
Subsection4.3.

Fik, ‘aik; *hic Gik, hic H.c

0 0 0
; ' '

V e
2 2 : 2
¢ i
FoKo "goko thov Goko thov Hov ;
u [ J [ J [ J [ ]
foko *gokg *hov Jokg “hov hov kov
f1k, 1glk11hlc glkllhlc hlc/ /4
o Foko 1gok01hou o Goko lhoU o Hou o
foko *gokg thou goko “hou hou kou
Proposition 2.4 of [7] statesthat (M?2(C); ?) is a monoid in the casek = i. The result is also

true for arbitrary k.

We now considerthe (h; k)-homotopiesS = (S;;Sy) of X = (@:B ! C). Since,in the
single object case,hy = ko = (), the identity map on fg , condition 5.4(a) is trivial. Any
mapfg ! C isan (hg;kg)-section,sowe may chooseSy( ) = d2 C. Condition 5.4(b) is just
the requiremen that S; is a k-derivation of X . The following table comparesthe conditionsin
5.4(c) for S; to be an (h; k)-derivation of X with the correspnding requiremerns in (11) for
an ( ; )-derivation of X = (@ B! C).

condition X X
5.4(c)(i) | (ki)(@:C) = ( 197 | ( 10)(@c) = hic
5.4(c)(ii)) | (keD(@D) = (D! | ( D(S:@) = hob

Thus, whend 2 Triv(C), the (h; k)-derivation S; of X is just an ((hy; hy); (K»; k1))-derivation
of X. In general,S; isan ((h, (~d);h; (*d)); (ky; ky))-derivation of X.

Prop osition 5.6 The coadmissiblek-homotopiesof X with trivial zeo part form a sulgroup
of MZ(X ) isomorphicto W,«,)(X), and there are in total jW (X)j jCj k-homotopiesof X .

Pro of: In the cased = 1 if we de ne k-homotopiesH ;G by Ho( ) = 1,H;c= ¢, Go( ) = 1,
Gic= c, where; arek-derivations, then (H ?G)o( ) = 1 and

(H?G)ic= (c)( Kk *((kie)(@)) = (c)( 9% ( k@)= ( o(c)( k'@)=( ? )c:

The factor jCj is provided by the choiceof So( ) = d. 2
An investigation of the homotopiesof C=( :C I,! B 0O,) isleft to alater paper.
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