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Abstract

This paper is concernedwith the algebraic structure of groupoids and crossedmod-
ules of groupoids. We describe the group structure of the automorphism group of a �nite
groupoid as a quotient of a semidirect product. We then show that the automorphism
group of a crossedmodule of groupoids C, in the casewhen the range groupoid is con-
nected, may be determined from that of the crossedmodule of groups Cu formed by
restricting to a single object u. We pay particular attention to the conjugation automor-
phisms^ cp;q of C. Finally, we enumerate the homotopiesof a crossedmodule of groupoids
over a single object.
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1 In tro duction

While the theory of groupoids hasbeenextensively developed and found many applications in
algebraictoplogy, it appearsthat lessattention hasbeenpaid to the strictly algebraicstructure.
Our aim in this paper is to make someprogresstowards remedyingthis omission.

We �rst describe the group structure of the automorphism group of a �nite groupoid C,
expressingAut( C) as a quotient of a semidirect product. Most of the detail is required in the
casewhenC is connected.We pay particular attention to conjugationautomorphisms,and give
a non-standardde�nition of normal subgroupoids.

Secondly, we determine the automorphism group of a crossedmodule of groupoids in the
casewhen the range groupoid is connected. Speci�cally, we determine the automorphismsof
C = (
 : C2 ! C1), with C1 connected,from thoseof the crossedmodule of groupsCu = (
 u :
Bu ! Cu) whereu is an object, Bu = C2(u); Cu = C1(u), and 
 u = 
 jB u .

Finally, we enumeratethe homotopiesof a crossedmodule of groupoidsover a singleobject.
The authors are grateful for many pro�table discussionswith R. Brown and T. Porter. The

�rst author was supported by TUBIT AK BIDEB 2219for visits to Bangor in 2003and 2007.

2 Group oids

A groupoid is a small category in which every arrow is invertible. The books by Higgins [10]
and Brown [4] are good referencesfor the standard properties of groupoids. In the notation
usedhere,a �nite groupoid C = (C1; C0) consistsof the following:

� a set Ob(C) = C0 of objects;

� a set Arr( C) = C1 of arrows;

� source and target mapss; t : C1 ! C0, so that we write (a : u ! v) whenever sa = u and
ta = v, and denoteby C(u; v) the hom-setof arrows with sourceu and target v;

� an identity arrow 1u at each object u, with s1u = t1u = u;

� an associative partial composition : C1 � 0 C1 ! C1, with ab de�ned whenever ta = sb,
such that s(ab) = sa and t(ab) = tb, so that C(u) := C(u; u) is a group with identit y 1u,
called the object group at u;

� for each arrow (a : u ! v) an inversearrow (a� 1 : v ! u) such that aa� 1 = 1u and
a� 1a = 1v.

(In the GAP[8] implementation [13] sourceand target are called tail and head.)

A morphism of groupoids, as for general categories,is called a functor. Thus a functor
g = (g1; g0) : C ! D is a pair of maps(g1 : C1 ! D1; g0 : C0 ! D0) such that g11u = 1g0u and
g1(ab) = (g1a)(g1b) whenever the composite arrow is de�ned. It is often convenient to omit the
subscripts0; 1 sinceit shouldbe clear from the context whether an object or an arrow is being
mapped. A morphism g is injective and/or surjective if both g0; g1 are.

The underlying digraph �( C) of C is obtained by forgetting the composition, so the objects
becomevertices, the arrows becomearcs, while the sourceand target maps have their usual
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digraph meaning. A groupoid is connected if its underlying digraph is connected,and then the
digraph is regular and complete.

Example 2.1 (a) The categoriesof groupsand groupoids, and their morphisms,are written
Gp , Gp d respectively. There is a functor Gpd : Gp ! Gp d, C 7! C� ; c 7! (c : � ! � ),
whereC� is a groupoid with a singleobject � .

(b) For X a set, the trivial groupoid O(X ) = (O1; O0) on X hasO0 = X andO1 = f 1x j x 2 X g.
We denoteO(f 1; : : : ; ng) by On .

(c) The unit groupoid I has objects f 0; 1g and four arrows. The two non-identit y arrows are
(� : 0 ! 1) and its inverse(� � 1 : 1 ! 0).

(d) The connectedtree groupoid In hasn objects f 1; 2; : : : ; ng and n2 arrows f (p;q) j 1 6 p;q 6
ng wheres(p;q) = p, t(p;q) = q, (p;q)(q; r ) = (p;r ), and (p;q) � 1 = (q; p). Note that I2 �= I.
We also write I(X ) for the tree groupoid on a set of objects X . The name`tree groupoid'
comesfrom the fact that a subsetof arrows which form a spanningtree in the underlying
digraph generatethe wholegroupoid usingcomposition and inversion. In particular, taking
the subsetX n = f (1; p) j 2 6 p 6 ng, we have (q; r ) = (1; q) � 1(1; r ).

(e) The product C� D of groupoids C; D hasobjects C0 � D0, arrows C1 � D1, and composition
(a1; b1)(a2; b2) = (a1a2; b1b2), sothat (a;b) � 1 = (a� 1; b� 1). In particular, C = C� � In may be
thought of as the groupoid with n objects f 1; 2; : : : ; ng; n2jCj arrows f (p;c;q) j c 2 C; 1 6
p;q 6 ng; sources(p;c;q) = p; target t(p;c;q) = q; composition (p;c;q)(q; c0; r ) = (p;cc0; r );
and inverses(p;c;q) � 1 = (q; c� 1; p). We shall sometimes�nd it convenient to write cp;q for
(p;c;q). A generating set for C is given by f (1; c;1) j c 2 X Cg [ X n where X C is any
generatingset for C. Every �nite, connectedgroupoid is isomorphic to a direct product
of a group and a tree groupoid in this way, and we call such a representation a standard
connected groupoid.

A subgroupoid B = (B1; B0) of C = (C1; C0) is a groupoid with B1 � C1, B0 � C0, having
the samesource,target and composition. A subgroupoid B is full if B(u; v) = C(u; v) for all
u; v 2 B0 and wide if B0 = C0. The (connected) components of C are its maximal connected
subgroupoids, with onecomponent Ci for each of the k connectedcomponents � i of �( C). We
write C = C1 [ � � � [ Ck . A groupoid, all of whosecomponents have a singleobject, is a union
of groups, and is said to be totally disconnected.

Given a wide subgroupoid B � C, there is an equivalencerelation � R on Arr( C) de�ned by
c � R c0 , c = bc0 for someb2 Arr( B). The equivalenceclassesBc for this relation are called
the right cosetsof B in C. For u 2 C0 the star of u is the setStar(u) = f a 2 C1 j sa = ug, the set
of all arrows with sourceu. Similarly the costar of u is the set Costar(u) = f a 2 C1) j ta = ug,
the set of all arrows with target u. Note that each right cosetof B in C is a subsetof a costar.
We may de�ne a secondequivalencerelation � L on Arr( C) by c � L c0 ) c = c0b for some
b 2 Arr( B). The equivalenceclassescB for this relation are the left cosetsof B in C, and
this time each classis a subsetof somestar. A GAP implementation of theseconstructions is
provided in [13]. The notion of normal subgroupoid will be consideredin Subsection3.2.

We now consider actions of a groupoid C. We restrict to the casewhen C is connected
sincethere is a clear extensionto the generalcase. For C a groupoid, a C-set-system(or, by
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abuseof language,a C-set) is a functor � from C to Set, mapping arrows to bijections. So, for
(a : u ! v) 2 Arr( C), there are sets � 0u = Yu; � 0v = Yv and a bijection � 1a : Yu ! Yv. We
also call � an action of C on

F
u2 Ob( C) Yu. If (b : v ! w) is a secondarrow in C and � 0w = Yw

then, since� preservescomposition, we have

� 1(aa0) = (� 1a) � (� 1a0) = (� 1a0) � (� 1a) : Yu ! Yw :

For y 2 Yu we denote, in the usual way, (� 1a)(y) by ya, and then the condition becomes
(ya)a0

= yaa0
. The following diagram illustrates the situation.

v wu

a

� 1a
Set : y

Yu Yv Yw

ya

a0

(ya )a0� 1a0

C :

A similar notion appliesto setswith structure. For example,C-graphsare functors from C
to the groupoid of (combinatorial) graphsand their isomorphisms.

Example 2.2 Given a connectedgraph � with automorphismgroup A = Aut �, let � be the
graph consistingof n copiesof �, which we may considerasa graph-systemwith n components.
The appropriate groupoid to consideris A = Gpd(A) � In, which has an obvious action on �,
and is a better candidate for the automorphism gadgetAUT � of � than the wreath product
automorphism group Sn oA.

A C-group-system(or C-group) provides, for each object u a group Bu with identit y eu and,
for each (a : u ! v), an isomorphismof groups� 1a : Bu ! Bv. We write ba for (� 1a)(b) when
b 2 Bu. Since the group structure has to be preserved, as well as (ba)a0

= b(aa0) , we require
eu

a = ev and (b1b2)a = (b1
a)(b2

a). A C-module is a C-group in which the Bu are all abelian.
A C-groupoid-systemis a functor � from C to Gp d, wherenow there are groupoids � 0u =

Bu; � ov = Bv and an invertible functor � 1a : Bu ! Bv. As a simple case,note that a C-group
determinesa C-groupoid on replacingeach Bu by Bu = Gpd(Bu), taking u as the singleobject.
Thus a C-module may be considedasan abelian C-groupoid. Here is a picture showing part of
the structure in such a case.

v

u w

a

wu

Gp d :
eu ev ew

ba � 1

b0( aa 0) � 1
b

a0

ba0

b0b0a0� 1

a� 1 a0� 1

C :
v
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A particular example,when C = C� � In and N � C, is given by taking Bu
�= N for all

u 2 Ob(C) and the action to be conjugation:

(p;n; p)(p;c;q) = (q; c� 1; p)(p;n; p)(p;c;q) = (q; nc; q): (1)

This will provide our �rst exampleof a crossedmodule of groupoids in Example 5.1.

3 Automorphisms of Group oids

An automorphism of a categoryC is a functor a : C ! C which is an isomorphism. Let C be
the connectedgroupoid with object set U = f u1; : : : ; ung and let f (ap : u1 ! up) j 2 6 p 6 ng
be a generatingset for a spanningtree in C. If C is the object group at u1, an automorphism
of C is obtained on choosing

� � 2 Aut C,

� f (bp : u1 ! up) j 2 6 p 6 ng, replacing the ap in the tree,

� � 2 Symm(U), permuting the objects in U.

Thus there are in total n! � jAut Cj � jCjn� 1 automorphismsof C.

3.1 Automorphisms of standard connected group oids

We now analysethe standard casewhereC = C� � In is the groupoid constructed in Example
2.1(e). If C hasgeneratingset X C = f c1; : : : ; c̀ g then, for each object p, C is generatedby the
set

X p = f (p;ck ; p) j ck 2 X C g [ f (p;e;q) j q 6= pg;

where the right-hand set forms a spanning tree Tp in the underlying digraph. The remaining
arrows are given as the composites:

(p;c;p) = (p;ck1 ; p)(p;ck2 ; p) : : : (p;ck j ; p) when c = ck1 ck2 : : : ck j 2 C; ck i 2 X C ;

(q; c;r ) = (p;e;q) � 1(p;c;p)(p;e;r ):

An automorphism of C will be speci�ed by giving the imagesof the arrows in oneof the X p.

There are three setsof automorphismswhich generatethe group A = Aut (C).

(1) We may apply an automorphism � of C to the loopsat object p, giving an automorphism
a� of C �xing each object, and de�ned on generatorsby

a� (p;c;p) = (p; �c; p); a� (p;e;q) = (p;e;q):

It follows that a� (q; c;r ) = (q; �c; r ), so a� applies� to all the hom-setssimultaneously.

(2) The hom-setC(q; r ) providesa regular representation of C with action (q; c;r )c0
= (q; cc0; r ).

For each 1 6 p 6 n choosecp 2 C. The n-tuple c = (c1; : : : ; cn) determinesan automor-
phism ac of C, �xing the objects and mapping (q; c;r ) to (q; c� 1

q ccr ; r ).
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(3) For � a permutation in the symmetric group Sn we de�ne an automorphisma� by

a� (q; c;r ) = (� q; c;� r ):

There are actions of both Sn and Aut C on Cn , where

c� = � c = (c� � 11; : : : ; c� � 1n ); c� = � c = (�c 1; : : : ; �c n ); (2)

and theseactionscommute, giving an action of Sn � Aut C on Cn . We denoteby Cn
p the subset

f c 2 Cn j cp = eg, and note that Cn
p is closedunder multiplication in Cn , and that

ac = a^ cp � ac� 1
p c where c� 1

p c = (c� 1
p c1; : : : ; c� 1

p cn ) 2 Cn
p (3)

and ^ c denotesconjugation of C by c.

We now investigatecompositesof the set

X A = f a� j � 2 Sng [ f a� j � 2 Aut Cg [ f ac j c 2 Cng:

In keepingwith the useof right actions, we write a � b for the composite mapping b � a. It is
straightforward to verify the following identities.

Prop osition 3.1 Pairs of automorphismsin X A composeasfollows,where �; � 2 Aut C; c; b 2
Cn , and � ; � 2 Sn .

(a� � a� )(q; c;r ) = a� � � (q; c;r ) = (q; (� � � )c;r );

(ac � ab)(q; c;r ) = acb(q; c;r ) = (q; (cqbq)� 1c(cr br ); r );

(a� � a� )(q; c;r ) = a� � � (q; c;r ) = (( � � � )q; c;(� � � )r ) ;

(ac � a� )(q; c;r ) = (a� � a� c)(q; c;r ) = (q; � (c� 1
q ccr ); r );

(a� � a� )(q; c;r ) = (a� � a� )(q; c;r ) = (� q; �c; � r );

(a� � ac)(q; c;r ) = (a� � 1c � a� )(q; c;r ) = (� q; c� 1
� q cc� r ; � r ):

Prop osition 3.2 The automorphismgroup of C = C� � In is given by

Aut C �= ((Sn � Aut C) n Cn ) =� C

where � C = f ((( ); ^ c); (c� 1; : : : ; c� 1)) j c 2 Cg �= C, and ( ) denotesthe identity permutation.

Pro of: We de�ne a map

� : (Sn � Aut C) n Cn ! Aut C; (( � ; � ); c) 7! a� � a� � ac:

The formulae in Proposition 3.1 show that every element of Aut C can be written as one of
theseimages,and that

(a� � a� � ac) � (a� � a� � ab) = a� � � � a� � � � a(� � c)b : (4)

The semidirectproduct rule gives(( � ; � ); c)(( � ; � ); b) = (( � � ; �� ); c(� ;� )b), which shows that �
is a homomorphism.Since

a� � a� � ac :
�

(1; c;1) 7! (� 1; c� 1
� 1(�g )c� 1; � 1);

(1; e;j ) 7! (� 1; c� 1
� 1c� j ; � j );

it follows that � (( � ; � ); c) is the identit y automorphism provided
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� � is the identit y permutation,

� cj = c1 for all 2 6 j 6 n, so c = (c1; c1; : : : ; c1),

� �c = c1cc� 1
1 for all c 2 C, so � = ^ (c� 1

1 ).

Henceker � is the group � C. 2

It is clear that the group A1 generatedby the a� is isomorphic to Aut C; that the group
A2 generatedby the ac is isomorphic to Cn ; and that the group A3 generatedby the a� is
isomorphicto Sn . Furthermore, the join A1;3 of A1 and A3 in the automorphismgroup Aut C of
C is isomorphicto A1 � A3. We denoteby A1;2; A2;3 the joins of A1; A2 and A2; A3 respectively.
The proof of Proposition 3.2 may be adjusted to show that

A1;2
�= (Aut C n Cn)=f (^ c;(c� 1; : : : ; c� 1)) j c 2 Cg and A2;3

�= (Sn n Cn )=Ẑ (C);

whereZ = Z(C) is the centre of C and Ẑ (C) = f (( ); (z; : : : ; z)) j z 2 Zg.

Sincethe elements (( � ; � ); (e;c2; : : : ; cn)) form a transversalfor the cosetsof � C, we observe
that an automorphism f = (f 1; f 0) : C ! C is speci�ed by giving

� the permutation f 0 of the objects;

� an automorphism � f of the object group C, so that f 1(1; c;1) = (f 01; � fc;f 01) ;

� imagesf 1(1; e;q) = (f 01; cf ;q; f 0q) for the tree T1, determining cf := (e;cf ;2; : : : ; cf ;n ) .

A convenient standard form for f is thereforef = a� f � acf � af 0 , where

f 1(q; c;r ) = (f 0q; c� 1
f ;q (� f c)cf ;r ; f 0r ):

It is clear how to replaceobject 1 by an arbitrary object p to obtain an alternative standard
form. The formulae in Proposition 3.1 and equation (3) enableus to write down the composite
of two standard forms in standard form as:

(a� f � acf � af 0 ) �
�
a� g � acg � ag0

�
= a� f � � g� (^ cg;f 0 1 ) � ac� 1

g;f 01(� gcf )( f � 1
0 cg) � af 0 � g0 : (5)

The next type of groupoid to consideris the disjoint union D of m copiesof a connected
groupoid C. An automorphismof D which doesnot interchangethe components is obtained by
choosingan automorphismfor each component, and theseform a group isomorphicto (Aut C)m .
The automorphismgroup of D is the wreath product Sm oAut C with action

(f1; : : : ; fm )� = (f(� � 11); : : : ; f(� � 1m)) :

In particular, groupoids of the form B = B� � Om , a disjoint union of isomorphic groups,will
be usedin Section5. Clearly Aut B �= Sm oAut B .

The �nal caseto consideris that of an arbitrary groupoid G, whoseconnectedcomponents
form isomorphismclasses[Gi ] with mi components in [Gi ]. The automorphismgroup A i of [Gi ]
is Sm i oAut Gi , and the automorphismgroup Aut G is the direct product of theseA i .
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3.2 Conjugation in group oids

Each element c of a group C determinesthe inner automorphism ^ c : C ! C; c0 7! c� 1c0c,
wherethe orbits are the conjugacyclasses,and ^ c = ^ c0 whenever c0 = zc for somez 2 Z(C).
A similar notion holds for a connectedgroupoid but, when there is more than oneobject, the
automorphisms^ cp;q with p;q �xed areall distinct. (Note that ^ c is not the conjugacyfunction
of [4, x6.3].)

De�nition 3.3 For cp;q = (p;c;q) an arrow in a connected groupoid C = C� � In , conjugation
of C by cp;q, written \ ^ cp;q", is the automorphismof C described below.

(a) When p 6= q,

� p;q are interchanged, and the remaining objects are �xed;

� the loopsat p are interchanged with thoseat q,

(p;b;p) 7! (q; c� 1bc;q); (q; b;q) 7! (p;cbc� 1; p);

� the hom-setC(p;q) is interchanged with C(q; p),

(p;b;q) 7! (q; c� 1bc� 1; p); (q; b;p) 7! (p;cbc;q);

� the rest of the costar at p is interchanged with that at q,

(r; b;p) 7! (r; bc;q); (r; b;q) 7! (r; bc� 1; p); for r =2 f p;qg;

� the rest of the star at p is interchanged with that at q,

(p;b;r ) 7! (q; c� 1b;r ); (q; b;r ) 7! (p;cb;r ); for r =2 f p;qg;

� the remaining arrowsare unchanged.

(b) In the casep = q, conjugation by cp;p is the automorphismof C where:

� all the objects are �xed;

� the loopsat p are conjugated by c, (p;b;p) 7! (p;c� 1bc;p);

� the rest of the star and the costar at p are permuted,

(p;b;r ) 7! (p;c� 1b;r ); (r; b;p) 7! (r; bc;p); for r 6= p;

� the remaining arrowsare unchanged.

Theseconstructions may be remembered as: \for p;q as source,multiply b on the left by
c� 1; c respectively; and for p;q as target, multiply b on the right by c;c� 1 ". To show that ^ c
is an automorphism,we expressit as a composite of known automorphisms.

Prop osition 3.4 Conjugation by cp;q (p 6= q) may be expressed in standard form, based at p,
as ^ cp;q = ac � a(p;q) , where c has componentscp = c, cq = c� 1, cr = e otherwise. Conjugation
by the loop cp;p is ^ cp;p = ac, where c has componentscp = c, cr = e otherwise.
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Pro of: For ^ cp;q it is su�cien t to check the imageof the composite on the generatorsin X p.

(p;ck ; p) 7! (p;c� 1ckc;p) 7! (q; c� 1ckc;q);

(p;e;q) 7! (p;c� 2; q) 7! (q; c� 2; p);

(p;e;r ) 7! (p;c� 1; r ) 7! (q; c� 1; r ):

The proof for ^ cp;p is similar. 2

It is not the casethat the map ^ : C ! AUT C is a groupoid morphism. This is clear just by
consideringthe imagesof the objects,wherethe symmetricgroup is acting. It is straightforward
to verify that, when ab is de�ned,

^ (ab) = (^ a) � (^ b) � 1 � (^ a) = (^ b) � (^ a) � 1 � (^ b): (6)

Prop osition 3.5 When C = C� � In and jCj = k, the number of distinct conjugation automor-
phismsis ! C = 1 + n(k � 1) + 1

2n(n � 1)k.

Pro of: First note that ep;p is the identit y automorphismfor every object p. Since^ cp;p, with
c 6= e, acts with c or c� 1 on the star and costarat p, it is only the casethat ^ cp;p = ^ c0

p0;p0 when
p = p0 and c = c0. This gives the term n(k � 1). Thirdly , considering^ cp;q = ^ c0

p0;q0, we see
that f p;qg = f p0; q0g. It is easyto check that ^ cp;q = ^ c� 1

q;p, but that this is the only possible
equality. 2

In Subsection4.2 we shall investigate the full subgroupoid of the automorphism groupoid
of C whoseobjects are the conjugation automorphismsof C.

When C is a connectedcomponent of a groupoid B, and c 2 C1, we de�ne ^ c : B ! B to
be the automorphism of B which acts as ^ c on C and �xes all the other components.

We are now in a position to give a non-standardde�nition of normality for groupoids.

De�nition 3.6 A subgroupoid N = (N1; N0) of C is normal in C, written N� C, if nc 2 N1 for
all n 2 N1; c 2 C1.

Prop osition 3.7 The normal subgroupoids of C = C� � In are C itself, and the totally discon-
nected subgroupoids N � � On for all N � C.

Pro of: If N0 contains the object p then, for each object q, conjugation by (p;e;q) mapsp to
q, soN must be a wide subgroupoid of C. If N is totally disconnected,and if the component at
p hasvertex group N , then conjugation by (p;e;q) shows that the vertex group at q is alsoN ,
so that N �= N � � On , and conjugation by (p;c;p) shows that N � C.

If (q; n; r ) 2 N1 with q 6= r then, for all c 2 C, conjugation by (p;c;q) maps (q; n; r ) to
(p;cn; r ), so N = C and henceN = C. 2

Example 3.8 The normal subgroupoids of C[ D whereC = C� � In and D = D � � Im , are as
follows:

� C [ D itself;

� C [ (M � Om ) for each M � D;
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� (N � On ) [ D for each N � C;

� (M � Om ) [ (N � On ) for each N � C; M � D.

It is clear how to generalisethis exampleto a groupoid with more than two components.

Note that the usual de�nition of normality ([4, x11.3]) requires that N is wide in C, and
that c� 1N (u)c = N (v) for all (c : u ! v) 2 C. This de�nition allows C� � If u;vg [ C� � If wg to
be normal in C� � If u;v ;wg, which is not the casewith our de�nition.

4 Automorphisms and Sections of Group oids

4.1 Natural Transformations

Functors are related by natural transformations. If h; k : C ! D are functors, then a natural
transformation � : h ! k is determinedby a function � 0 : Ob(C) ! Arr( D), such that for every
arrow (a : u ! v) 2 C the following diagram commutes.

h0u
� 0u //

h1a

��

� 1a

!!B
BB

BB
BB

BB
BB

BB
BB

BB
k0u

k1a

��
h0v � 0v

//k0v

(7)

Commutativit y of the diagram enablesus to de�ne a function � 1 : Arr( C) ! Arr( D), where� 1a
is this diagonalarrow and � 11u = � 0u for each object u.

Natural transformations composein the obvious way. If j is a third functor from C to D,
and if � : k ! j is a secondnatural transformation, then we obtain the diagram:

h0u
� 0u //

h1a

��

� 1a

!!B
BB

BB
BB

BB
BB

BB
BB

BB
k0u

k1a

��

� 0u //

� 1a

  B
BB

BB
BB

BB
BB

BB
BB

B j 0u

j 1a

��
h0v � 0v

//k0v � 0v
//j 0v

The composite natural transformation � � � : h ! j is de�ned by:

(� � � )0u = (� 0u)( � 0u);

(� � � )1a = (� 1a)( � 0v) = (� 0u)(k1a)( � 0v) = (� 0u)( � 1a):

Restricting to groupoids, so that arrows are invertible, we have � 0v = (h1a)� 1(� 0u)(k1a), so
� is de�ned if we are given, for each component of C, the imageof oneobject. Furthermore, the
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transformation � hasinverse� � 1 : k ! h where(� � 1)0u = (� 0u)� 1 and (� � 1)1a = (k1a)( � 0v)� 1 =
(� 0u)� 1(h1a),

k0u
(� � 1 )0u=( � 0u) � 1

//

k1a

��

(� � 1 )1a

%%JJJ
JJJ

JJJ
JJJ

JJJ
JJJ

JJJ
h0u

h1a

��
k0v (� � 1 )0v=( � 0 v) � 1

//h0v

so � is a natural equivalence. In this way we obtain the groupoid HOM(C; D) with functors
as objects and natural transformations as arrows. The identit y equivalence� h at h is given by
�h;0u = 1h0u; �h;1a = h1a. It is this construction which makes Gp d cartesianclosed(see,for
example,[12, x3.1]).

4.2 Automorphism group oid of a group oid

When C = D and h; k are isomorphisms,we obtain our �rst example of a homotopy, with
� : C � I ! D being consideredas a groupoid (h; k)-homotopy (see[4, x6.5]) with

� (u; 0) = h0u; � (u; 1) = k0u; � (a;0) = h1a; � (a;1) = k1a:

The signi�cant featureof � is that it lifts from onelevel to the next, asin the following diagram:

C1
h1 ; k1 //

s

��

t

��

C1

s

��

t

��
C0 h0 ; k0

//

� 0

::uuuuuuuuuuuuuuuuuuuuu
C0

We thus obtain the automorphismgroupoid AUT C of C whoseobjects are the automorphisms
of C and whosearrows are the natural equivalencesbetweentheseautomorphisms.

Given � : h ! k and a third isomorphismj, we may de�ne a (j � h; j � k)-homotopy � by

� 0u = � 0(j 0u); � 1a = � 1(j 1a) = (� 0u)(k1j1a) = (h1j1a)( � 0v): (8)

Using this construction we may obtain all the (h; k)-homotopiesfrom the (k� 1 � h; i)-homotopies,
wherei is the identit y functor on C.

Prop osition 4.1 The combinatorial structures of the automorphismgroupoids of C = C� � In
and B = B � � On are given in the following table.

C = C� � In B = B � � On

number of objects (automorphisms) n! jAut Cj jCjn� 1 n! jAut B jn

number of arrows(natural equivalences) (n!)2 jAut Cj jCj2n� 1 n! jAut B jn jB jn

vertex groups Z(C) �= C=Inn C (Z(B))n

number of connected components jOut Cj n! jOut B jn

number of objects in each component n! jInn Cj jCjn� 1 jInn B jn
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The objects in the component of AUT C containing the identity automorphismare generated by
the conjugations^ cp;q (1 6 p;q 6 n; c 2 C).

Pro of: We have already determinedthe number of automorphismsin thesetwo cases.
When specifying a natural equivalence� in AUT C, �rst chooseh 2 Aut C and set � = h0.

Then choose� 2 Sn and cp 2 C; 1 6 p 6 n. This �xes � 0 with � 0p = (� p;cp; � p) and � 1(p;c;q) =
(� p;h1(p;c;q):cq; � q). These choices determine � : h ! k where k0 = � and k1(p;c;q) =
c� 1

p :h1(p;c;q):cq. By Proposition 3.2 the number of choicesis n! jAut Cj jCjn� 1:n! jCjn and, for
each automorphismh, the number of equivalenceswith sourceh is n! jCjn .

We now seekthe sizeof the vertex group at the identit y automorphismi. If � is such a loop
and � 01 = (1; z; 1), then with a = (1; c;1) in (7) we get zc = cz for all c 2 C, so z 2 Z(C).
Taking a = (1; e;q) we �nd that � 0q = (q; z; q), so � is completely determinedby z. Hencethe
number of objects in the component containing i is (n! jCjn )=jZ j = n! jInn Cj jCjn� 1.

The automorphism group acts on the objects of the automorphism groupoid by right mul-
tiplication, permuting the components, so the components are isomorphicand their number is
the obvious quotient jOut Cj.

We now considerthe automorphismsof B. SinceB is totally disconnected,there can only
be an equivalencefrom (� ; (� 1; : : : ; � n )) to (� ; (� 1; : : : ; � n)) if � = � . Taking a = (p;b;p) in (7),
we �nd that � pb= (� pb)� 0p for each object p, where� 0p is any loop at � p. The choicesfor � ; � p

and � 0p determine a total of n! jAut B jn jB jn equivalences.So, for each automorphism h, the
number of equivalenceswith sourceh is jB jn .

To determine the loops � at (� ; (� 1; : : : ; � n )), we take a = (p;b;p) in (7) and �nd that
� 0p = zp 2 Z = Z(B). Since there is no interaction between � 0p and � 0q, there are jZ jn

choices,and commutativit y of the center ensuresthat the vertex groupsare isomorphic to Z n .
So the number of objects in the component containing i is jB jn=jZ jn = jInn B jn . Again, the
components of AUT B are all isomorphic, and there are (n! jAut B jn )=jInn B jn = n! jOut B jn

of them.
Finally, we show that conjugationsgenerateall the objects in the identit y component. The

^ ep;q generatethe symmetricgroup Sn , permuting the objects, and for c = (c1; : : : ; cn ) it follows
from Proposition 3.4 that ac = (^ (c1)1;1) � � � � � (^ (cn )n;n ). Thus the conjugationsgeneratethe
group ((Sn � InnC) n Cn )=� C, which has the required order, and the outer automorphismsof
C form a transversal for the cosets{ the connectedcomponents of AUT C. 2

Example 4.2 When C = C� is a group C consideredas a one-object groupoid, the auto-
morphismgroupoid hasjAut Cj objects; jAut Cj:jCj natural equivalences;jOut Cj components;
jInn Cj objects in each component; and degreejZ (C)j.

Example 4.3 If we de�ne the conjugation groupoid CONJ C of C = C� � In to be the full
subgroupoid of the identit y component of AUT C whoseobjects are the conjugation automor-
phismsthen, by Proposition 3.5,CONJ C hasthe form Z � � I! C, whereZ = Z(C). To show that
the vertex group is Z = Z(C) we obtain formulae for the natural equivalences� : i ! ^ cp;q.
Considering, in turn, as a in equation (7), the arrows (p;b;p); (q; b;q); (p;b;q); (r; b;p), where
r =2 f p;qg; b2 C, we �nd that there is a � for each z 2 Z(C) where

� 0p = (p;zc;q); � 0q = (q; zc� 1; p); � 0r = (r; z; r ):
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For � : ^ cp;q ! i the corresponding formulae are

� 0p = (q; c� 1z; p); � 0q = (p;cz; q); � 0r = (r; z; r ):

Similarly, there is an equivalence� : i ! ^ cp;p with � 0p = (p;zc;p); � 0r = (r; z; r ), and a
� : ^ cp;p ! i with � 0p = (p;c� 1z; p); � 0r = (r; z; r ).

4.3 Admissible and coadmissible sections

For h0; k0 a pair of permutations of the objectsof a groupoid C, an (h0; k0)-section S0 : C0 ! C1

is a map which composeswith the sourceand target maps to give h0 and k0 respectively:

h0 = S0 � s; k0 = S0 � t:

Note that if � : h ! k is a natural equivalencebetween automorphismsof C, then � 0 is an
(h0; k0)-section. An (h0; k0)-section is also called an admissibleh0-section and a coadmissible
k0-section.

The groupoid of sections S = SECT(C) of C hasthe automorphismsof C asobjects and the
(h0; k0)-sectionsas elements of the hom-setS(h0; k0). Composition in S is de�ned by

(S0 : h0 ! k0) � (T0 : k0 ! j 0) : u 7! ((S0u : h0u ! k0u)(T0u : k0u ! j 0u) : h0 ! j 0) :

It is not this � -composition, but a ?-product on costarsor stars, which is of more useto us.
Note that, on �xing a permutation k0 2 Symm(C0), there is a multiplication ? on Symm(C0)

given in terms of the standard composition by

h0 ? g0 := h0 � k� 1
0 � g0; (9)

(comparethis with (6)), such that k0 is the ?-identit y and h0 has?-inverseh0 := k0 � h� 1
0 � k0.

The set M 1
k0

(C) of coadmissiblek0-sectionsof C hasa product, alsowritten ?, such that the
composite k0-sectionH0 ? G0 is de�ned at u by

(H0 ? G0)u :=
�
(G0k� 1

0 h0u)(H0u) : (h0 ? g0)u ! k0u
�

; (10)

where h0 := H0 � s and g0 := G0 � s. It is straightforward to verify that this product is
associative,

(H0 ? G0 ? F0)u =
�
(F0k� 1

0 g0k� 1
0 h0u)(G0k� 1

0 h0u)(H0u) : (h0 ? g0 ? f 0)u ! k0u
�

:

Here is a sketch illustrating the situation.

g0u
G0u

''NNNNNNNNNNNNN

f 0k� 1
0 g0k� 1

0 h0u
F0k � 1

0 g0k � 1
0 h0u //g0k� 1

0 h0u
G0k � 1

0 h0u //h0u
H 0u //k0u h0u

H 0uoo

f 0u
F0u

88ppppppppppppp



February 25, 2008 14

The identit y coadmissible(k0; k0)-section in M 1
k0

(C) is I 0 whereI 0u = 1k0u for all u 2 C0. The
?-inverseof H0 is the coadmissiblesectionH0 where

H0u = (H0h� 1
0 k0u)� 1; so H0k� 1

0 h0u = (H0u)� 1 and H0 � s = k0 � h� 1
0 � k0 = h0:

Note that the map from (M 1
k0

(C); ?) to (Symm(C0); � ), mapping H0 to H0 � s, is a group
homomorphism.

In Subsection5.3 we shall considerthe group M (C) = M 1
i 0

(C) of coadmissiblei 0-sections,
known simply as coadmissiblesections, where i 0 is the identit y permutation on C0. The ?
product (9) on Symm(C0) is then the usual composition of permutations, and the product (10)
for sectionssimpli�es to

(H0 ? G0)u := ((G0h0u)(H0u) : (h0 � g0)u ! u) :

There is a similar product on the set of admissibleh0-sections,and the admissiblei 0-sections
are the admissiblesections of C, but we shall not usetheseconstructionsin this paper.

4.4 Group oid Actions

For groups the inner homomorphismG ! Aut G; g 7! ^ g expressesthe conjugation action
of G on itself. Converting to single-object groupoids, the homomorphismbecomesa functor
G� ! (Aut G) � , but there is no functor G� ! AUT G sinceg is an arrow while ^ g is now an
object.

An action of a groupoid C on a groupoid B is usually de�ned in the casewhere B is a
union of groups having the same objects as C, and for each object u the group C(u) acts
on the group B(u). These actions are required to be compatible, so there is essentially one
action per component. Thus, when (c : u ! v) 2 C and (b : u ! u) 2 B(u), we have
(b : u ! u)(c:u! v) := (bc : v ! v) 2 B(v). A particular caseof this situation is when B
is a normal, discrete subgroupoid of C and the action is conjugation, bc = c� 1bc. It appears
from this description that c doesnot act by permuting the arrows of B, but by providing an
isomorphism from B(u) to B(v). However, if we mimic the rules for ^ cp;q in De�nition 3.3,
and de�ne (b : v ! v)(c:u! v) := (bc� 1

: u ! u) 2 B(u), the action by c also provides an
isomorphismfrom B(v) to B(u). The hom-setsB(u; v) and B(v; u) are empty, so the arrows of
B are permuted.

Wewould expect an alternative de�nition of an action, asa functor from C to a construction
involving AUT B, which doesnot requireB to be totally disconnected,and which doesprovide a
permutation of the arrows. One way round theseproblemsis to convert AUT C to a 2-groupoid
| a special type of 2-category(see,for example,Kamps and Porter [11]), but this is beyond
the scope of this paper.

5 Crossed modules of group oids

5.1 Basic de�nitions

We �rst recall the standard constructionsfor groups{ see,for example,[2, 5] and [6, chapters
2,3]. A crossed module of groups X = (@: B ! C) comprisesa group homomorphism@and
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an action of C on B such that @(bc) = c� 1bc and (b0)@b = b� 1b0b for all c 2 C; b;b0 2 B. An
endomorphism� of X is a pair of homomorphisms� = (� 2 : B ! B ; � 1 : C ! C) such that
� 2 � @= @� � 1 and � 2(bc) = (� 2b)� 1c.

Following our usual procedure,when � is an automorphism we may de�ne a ?-product on
AUT X by � ?� := � � � � 1 � � , having identit y � . A � -derivation of X is a map � : C ! B such
that � (cc0) = (�c ) � 1c0

(�c 0). Such a � determinesa second,sourceendomorphism� where

� : X ! X ; � 2b= (� 2b)( �@b); � 1c = (� 1c)(@�c ); (11)

and � is called an (� ; � )-derivation (see, for example, [5]). The principal � -derivations are
the maps � b : C ! B for each b 2 B where � bc = (b� 1)� 1cb, so that � b@a = [� 2a;b] and
@� bc = [� 1c;@b]. This � b is an (� b; � )-derivation where � b;2a = (� 2a)b and � b;1c = (� 1c)@b. The
� -derivations form a monoid Der� (X ) with Whitehead product ? given by

(� ?  )c = ( c)( �c )(  � � 1
1 @�c ): (12)

Then, if  is a (� ; � )-derivation, � ?  is an (� ? � ; � )-derivation. The derivation � is invertible
with respect to ? preciselywhen� is an automorphismof X , and the invertible derivations form
the Whitehead group W� (X ) of the monoid. Note that W� (X ) �= W(X ) := Wid (X ). Many of
theseconstructionsare implemented in our GAPpackage[1, 3]. From now on we shall consider
only invertible endomorphismsand derivations.

If � is another automorphism of X , there is an isomorphism � �;� : Der� (X ) ! Der� (X )
given by:

� �;� (� ) = � � ; � � c = �� � 1
1 � 1c; and � � 1

�;� (� ) = � � ; � � c = �� � 1
1 � 1c: (13)

A useful, special caseof this result is when � = �, the identit y automorphism on X .
If � is a third automorphismof X , we may de�ne a (� � � )-derivation  by  c = �� 1c. The

sourceautomorphism for  is � where

� 2b = ((� � � )2b)( @b) = (� 2� 2b)( �� 1@b) = (� 2� 2b)( �@� 2b) = � 2� 2b: (14)

This result, togetherwith a similar calculation for � 1c, shows that  is a (� � � ; � � � )-derivation.
Hence,asfor homotopies(see(8)), the (� ; � )-derivations may be obtained from the (� � 1 � � ; � )-
derivations.

We now recall the corresponding constructions for groupoids (see, for example, [7]. Let
C1 = (C1; C0) be a connectedgroupoid and C2 = (C2; C0) a union of isomorphic groups with
the sameobject set, and let C2; C1 act upon themselvesby conjugation (as in Subsection4.4):

b1
b = b� 1b1b; c1

c = c� 1c1c;

de�ned when b1; b are loops in C2 at the sameobject and when sc = sc1 = tc1 in C1.

A pre-crossed module of groupoids C = (
 : C2 ! C1) consistsof a morphism of groupoids

 = (
 2; id), the boundary of C, pictured as:

C2

 2 //

t
��

s
��

C1

t
��

s
��

C0 id
//C0

or, more simply, C2

 2 //C1

s //
t

//C0 ;
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together with an action of C1 on C2 such that 
 is a C1-morphism. So
 2 � s = s; 
 2 � t = t and,
for all b2 C2 and c 2 C1,

X1: 
 2(bc) = c� 1(
 2b)c when sb= tb = sc.

The pre-crossedmodule C is a crossed module of groupoids if it alsosatis�es

X2: b1

 2b = b1

b for all b1; b2 C2(u); u 2 C0.

Note that, when both axioms are satis�ed, the restriction (
 u : C2(u) ! C1(u)) is a crossed
module of groups for all u 2 C0. The crossedmodule of groupoids corresponding to X = (@:
B ! C) is X� = (@� : B � ! C� ) where@� (� ; b;� ) = (� ; @b;� ) and (� ; b;� )(� ;c;� ) = (� ; bc; � ).

A morphism of pre-crossed modules f : C ! D, where D = (� : D2 ! D1), is a triple
f = (f 2; f 1; f 0), where f2 = (f 2; f 0) : C2 ! D2 and f1 = (f 1; f 0) : C1 ! D1 are morphismsof
groupoids satisfying

f 2 � � = 
 � f 1; f 2(bc) = (f 2b)f 1c; (15)

making the following diagram commute:

C2

 //

f 2

��

C1

f 1

��

s //
t

//C0

f 0

��
D2 �

//D1
s //
t

//D0

When C; D are crossedmodules, f is a morphism of crossedmodules.

The direct product C� D is (
 � � : C2 � D2 ! C1 � D1), with (a;b)(c;d) := (ac; bd).

Example 5.1 Given N � C, let C1 = C� � In and let C2 = N � � On be the totally disconnected
subgroupoid consistingof n copiesof N � . Then C1 actson C2 by conjugation,giving the normal
subgroupoid crossed module C = (� : C2 ! C1) where � is the inclusion functor. When C is the
trivial group we obtain I n := (�n : On ! In ).

5.2 Automorphisms of a crossed mo dule of group oids

The expectation here is that when X � = (@� : B � ! C� ) is a crossedmodule of groups and
C = (
 : B � � On ! C� � In ) �= X� � I n is the corresponding crossedmodule of groupoids with
n objects, then it should be possibleto determine the automorphismsof C from those of X � .
We have seenearlier that the automorphism group of B � � On is Sn n (Aut B)n , and that of
C� � In is ((Sn � Aut C) n Cn )=� C.

There are three typesof automorphism, f� ; f� ; fc, of C, corresponding to the three typesof
automorphism a� ; a� ; ac of a connectedgroupoid, as discussedin Section3.1.

(1) For � 2 Sn we de�ne a0
� 2 Aut( B � � On ) by (p;b;p) 7! (� p;b;� p). Then f� = (a0

� ; a� ; � ) is
an automorphism of C.

(2) For � = (� 2; � 1) 2 Aut X� we de�ne a0
� 2

2 Aut( B � � On) by (p;b;p) 7! (p; � 2b;p). Then
f� = (a0

� 2
; a� 1 ; ( )) 2 Aut C.
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(3) For c = (c1; : : : ; cn ) 2 Cn , we de�ne a0
c 2 Aut( B � � On ) by (p;b;p) 7! (p;bcp ; p). Then

fc = (a0
c; ac; ( )) 2 Aut C.

Prop osition 5.2 Composition rules for theseautomorphismsof C are as follows,

f� � f� = f� 2 � � 2 ;� 1 � � 1 , fc � fb = fcb, f� � f� = f� � � ,
fc � f� = f� � f� 1c, f� � f� = f� � f� , f� � fc = f� � 1c � f� .

Pro of: Replacinga� ; ac; a� by a0
� 2

; a0
c; a0

� in the formulae of Proposition 3.1 givescomposition
identities for theseautomorphismsof B � � On with oneexception. Since

a0
c � a0

� 2
(p;b;p) = (p; � 2(bcp ); p) = (p;(� 2b)� 1cp ; p) = a0

� 2
� a0

� 1c (p;b;p);

the fourth identit y is a0
c � a0

� 2
= a0

� 2
� a0

� 1c.
Combining the identities for the a's with those for the a0's gives the required identities for

the f 's. For example,in the exceptional,fourth case(omitting the ( )'s),

fc � f� = (a0
c; ac) � (a0

� 2
; a� 1 ) = (a0

c � a0
� 2

; ac � a� 1 )

= (a0
� 2

� a0
� 1c; a� 1 � a� 1c) = (a0

� 2
; a� 1 ) � (a0

� 1c; a� 1c) = f� � f� 1c : 2

For each c 2 C there is an automorphism ^ c = (^ c;^ c) of X � where^ c(� ; b;� ) = (� ; bc; � )
and ^ c(� ; c0; � ) = (� ; c� 1c0c;� ). The automorphism a0

^ c of B � � On , de�ned in case(2) above,
maps (p;b;p) to (p;bc; p). We may check that f^ c := (a0

^ c; â c; ( )) is an automorphism of C as
follows,

a0
^ c(p;bc0

; p) = (p;(bc0
)c; p) = (p;(bc)c� 1c0c; p) = (p;bc; p)(p;c0c ;p) = (a0

^ c(p;b;p))a^ c(p;c0;p) :

Since f^ c is the identit y automorphism only when c acts trivially on both b and c0, the set
f c 2 C j f^ c = ig is a subgroup Triv C of Z (C). It is easy to check that the conjugate
automorphism (f^ c)� is equal to f^ (� 1 c) , so Triv C is normal in Aut C.

The following result generalisesProposition 3.2.

Prop osition 5.3 The automorphismgroup of C = (
 : (B � � On) ! (C� � In )) is given by

Aut C �= ((Sn � Aut X� ) n Cn ) =� � C;

where � � C = f ((( ); (^ c;^ c)); (c� 1; : : : ; c� 1)) j c 2 Cg �= C.

Pro of: Let g = (g2; g1; g0) be an automorphism of C. Since g0 is the permutation of the
objects achieved by g, the automorphism g0 = g � f � 1

g0
�xes the objects. If, for each q 6= 1,

g0
1 maps (1; e;q) to (1; cq; q), and if c = (e;c2; : : : ; cn ), then g00 = g0 � f � 1

c �xes all the tree
generators(1; e;q). It follows that g00

1 = � 1 2 Aut C, and g00
2(q; b;q) = (q; � qb;q) where the � q

are automorphismsof B . Applying the secondaxiom in (15), we obtain:

(q; � qb;q) = g00
2(q; b;q) = (g00

2(1; b;1))g00
1 (1;e;q) = (1; � 1b;1)(1;e;q) = (q; � 1b;q);

sothe � q are all equal. Thus g00
2 = � 2 2 Aut B and � = (� 2; � 1) 2 Aut X� . Henceg = f� � fc � fg0 ,

which we take as the standard form for g.
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As in the proof of Proposition 3.2, there is an action of (Sn � Aut X� ) on Cn , where

c� = � c = (c� � 11; : : : ; c� � 1n ); c� = � 1c = (� 1c1; : : : ; � 1cn ): (16)

We de�ne a map

� : (Sn � Aut X� ) n Cn ! Aut C; (( � ; � ); c) 7! f� � f� � fc:

It is then straightforward to show that (comparethis with equation (4))

(f� � f� � fc) � (f� � f� � fb) = f� � � � f� 2 � � 2 ;� 1 � � 1 � f(� � 1c)b;

so that � is a group homomorphism.Since

(f� � f� � fc)1 :
�

(1; c;1) 7! (� 1; c� 1
� 1 (� 1c)c� 1; � 1);

(1; e;q) 7! (� 1; c� 1
� 1 c� q; � q);

(f� � f� � fc)2 : (q; b;q) 7! (� q; (� 2b)c� q ; � q);

it follows that � (( � ; � ); c) is the identit y automorphism provided

� � is the identit y permutation,

� cq = c1 for all 2 6 q 6 n, so c = (c1; c1; : : : ; c1),

� � 1c = c1cc� 1
1 for all c 2 C, so (� 1; ( )) = a^ (c� 1

1 ) ,

� � 2b= bc� 1
1 for all b 2 B, so (� 2; ( )) = a0

^ (c� 1
1 )

.

Henceker � is the group � � C. 2

5.3 Homotopies between morphisms

This Subsectionreviews(with di�erent notation) parts of Section2 of Brown and _I�cen [7].

C2

GF EDs= t

��
 2 //

h2

k2

��

C1
s; t //

h1

k1

��

S1

~~}}
}}

}}
}}

}}
}}

}}
}}

C0

h0

k0

��

S0

~~}}
}}

}}
}}

}}
}}

}}
}}

D2

@A BC
s= t

OO� 2

//D1 s; t
//D0

De�nition 5.4 Let h; k : C = (
 : C2 ! C1) ! D = (� : D2 ! D1) be morphismsof crossed
modules. A crossedmodule (h; k)-homotopy S : h ' k is a pair of functions (S0; S1) suchthat
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(a) S0 : C0 ! D1 is an (h0; k0)-section, so S0 � s = h0; S0 � t = k0;

(b) S1 : C1 ! D2 is an (h; k)-derivation, by which we mean that the following conditions are
satis�ed: S1 � t = k1 � t; S1(cc0) = (S1c)k1c0

(S1c0);

(c) for all (c : u ! v) 2 C1 and (b : v ! v) 2 C2 the loops � 2S1c and S1
 2b measure the
divergence from commutativity of the following squares (in the second square dashed lines
denotearrows in D1), generalising (11),

h0u
h1c //

S0u

��

h0v

S0v

��

h0v
h2b //

S0v

���
�
�
�
�
� h0v

S0v

���
�
�
�
�
�

k0u k1c
//k0v k0v k2b

//k0v

(i) � 2S1c = (k1c)� 1(S0u)� 1(h1c)(S0v); (ii) S1
 2b = (k2b)� 1(h2b)S0v: (17)

From now on we considerthe casewhen C = D and h; k are automorphisms. In the special
casethat k = i we call S a free homotopy and S1 a free derivation. In another special case,
when S0u = 1u for all u 2 C0 we call S a homotopyover the identity and S1 a derivation over
the identity. A free derivation over the identit y is simply called a derivation.

Prop osition 5.5 If S = (S1; S0) is an (h; k)-homotopyand j is an automorphismof C, then
(generalising (8)) a (j � h; j � k)-homotopyR is de�ned by

R0u := S0(j 0u); R1c := S1(j 1c):

Pro of: Using equations(8), (14) and (17) we check that:

R1(cc0) = S1(( j 1c)( j 1c0)) = (S1j 1c)k1 j 1c0
(S1j 1c0) = (R1c)(j� k)1 c0

(R1c0);


 2R1c = 
 2S1j 1c = (k1j 1c)� 1(S0j 0u)� 1(h1j 1c)(S0j 0v) = (k1j 1c)� 1(R0u)� 1(h1j 1c)(R0v);

R1
 2b = S1j 1
 2b = S1
 2j 2b = (k2j 2b)� 1(h2j 2b)S0 j 0v = (( j � k)2b)� 1(( j � h)2b)R0v:

It follows that the (h; k)-homotopiesmay be obtained from the (k� 1 � h; i)-homotopies. 2

Following Subsection4.3, we call an (h; k)-homotopy both an admissibleh-homotopy and
a coadmissiblek-homotopy. On �xing an automorphism k of C, there is a multiplication ? on
Aut C given in terms of the standard composition by

h ? g := h � k� 1 � g; (18)

(comparethis with (9)), such that k is the ?-identit y and h has ?-inverseh := k � h� 1 � k. The
set M 2

k (C) of coadmissiblek-homotopiesof C has a ?-product where the composite (h ? g; k)-
homotopy H ? G is de�ned by:

(H ? G)0 u = (G0k� 1
0 h0u)(H0u); (H ? G)1 c = (H1c)(G1k� 1

1 h1c)H 0v: (19)
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This product is associative, and the (h ? g ? f; k)-homotopy H ? G ? F is given by:

(H ? G ? F )0 u = (F0k� 1
0 g0k� 1

0 h0u)(G0k� 1
0 h0u)(H0u);

(H ? G ? F )1 c = (H1c)(G1k� 1
1 h1c)H 0v(F1k� 1

1 g1k� 1
1 h1c)(H ?G)0 v:

The arrows in thesecomposite formulae are shown in Figure 3, which extends the sketch in
Subsection4.3.


 2

H 0v

H 0u

h0u

h0v

H 1c

c

h1c

u

v

k � 1
1 � 2H 1c

F1k � 1
1 g1k � 1

1 h1c

F0k � 1
0 g0k � 1

0 h0v G0k � 1
0 h0v

f 0k � 1
0 g0k � 1

0 h0v g0k � 1
0 h0v

f 1k � 1
1 g1k � 1

1 h1c g1k � 1
1 h1c

F0k � 1
0 g0k � 1

0 h0u G0k � 1
0 h0u

f 0k � 1
0 g0k � 1

0 h0u g0k � 1
0 h0u k0u

k1c

k0v

G1k � 1
1 h1c


 2 
 2

Proposition 2.4 of [7] states that (M 2
k (C); ?) is a monoid in the casek = i. The result is also

true for arbitrary k.

We now considerthe (h; k)-homotopiesS = (S1; S0) of X� = (@� : B � ! C� ). Since,in the
single object case,h0 = k0 = ( ), the identit y map on f�g , condition 5.4(a) is trivial. Any
map f�g ! C is an (h0; k0)-section,so we may chooseS0(� ) = d 2 C. Condition 5.4(b) is just
the requirement that S1 is a k-derivation of X . The following table comparesthe conditions in
5.4(c) for S1 to be an (h; k)-derivation of X � with the corresponding requirements in (11) for
an (� ; � )-derivation � of X = (@: B ! C).

condition X� X
5.4(c)(i) (k1c)(@S1c) = (� 1c)d (� 1c)(@�c ) = h1c
5.4(c)(ii) (k2b)( �@b) = (� 2b)d (� 2b)(S1@b) = h2b

Thus, when d 2 Triv (C), the (h; k)-derivation S1 of X� is just an ((h2; h1); (k2; k1))-derivation
of X . In general,S1 is an ((h2 � (^ d); h1 � (^ d)); (k2; k1))-derivation of X .

Prop osition 5.6 The coadmissiblek-homotopiesof X � with trivial zero part form a subgroup
of M 2

k (X� ) isomorphic to W(k2 ;k1)(X ), and there are in total jW(X )j � jCj k-homotopiesof X � .

Pro of: In the cased = 1 if we de�ne k-homotopiesH; G by H0(� ) = 1, H1c = �c , G0(� ) = 1,
G1c =  c, where�;  are k-derivations, then (H ? G)0(� ) = 1 and

(H ?G)1c = (�c )(  k� 1
1 ((k1c)(@�c ))) = (�c )(  c)@�c ( k� 1

1 @�c ) = ( c)( �c )(  k� 1
1 @�c ) = ( ? � )c:

The factor jCj is provided by the choiceof S0(� ) = d. 2

An investigation of the homotopiesof C = (
 : C� � In ! B � � On ) is left to a later paper.
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